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1. INTRODUCTION

After the experimental observation of neutral-currents processes in 1973, the require-

ment for a proof of renormalizability of non-abelian gauge theories predicting the exis-
tence of such processes became an essential point in quantum field theory. The discovery
[1, 2] of BRST symmetry for the Yang - Mills action made the electroweak model pre-
dicting these processes a consistent theoretical framework. As a matter of fact, this
underlying symmetry of the gauge fixed action allowed to show it to posses [3, 4] all the
required term to make it renormalizable.
BRST symmetry [3, 5| showed to apply to a really wide class of systems of physical
interest, and can be easily generalized to a generic system which possessing some ba-
sic “gauge symmetry”. To this end, we recall that in the literature there exist different
formulations for the BRST formalism, with substantial differences from each other. On
one side there exists a formulation of BRST symmetry for constrained systems based on
canonical quantization methods which is widely diffused [5, 6] and on the other hand
there is another approach [3| to derive BRST symmetry based entirely on path integral
methods and is applicable to systems with infinite degrees of freedom avoiding those
inconsistencies proper of canonical quantization methods we discussed above. In this
paper we will follow the latter derivation.

2. DEWITT - FADDEV - POPOV METHOD

In order to discuss BRST symmetry in the general case |3], let us consider a physical
system whose dynamical variables are the “fields” {¢"}, and whose action is I [¢]. Let
us assume the action and the field integration measure

[d¢] = [] do" (1)

to be invariant with respect to some infinitesimal transformation we will write as

¢r N ¢r +€A5A¢T (2)

— T

— €9

where the indexes r, A are meant to assume both discrete and continuous values. The
symmetry (2) will make possible, to derive an expression for the functional integral of
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some operator invariant under (2) which will be useful in the following. As a matter of
fact, we consider

7= /d¢ (£ [6]] det (F [])

where ¢ [¢] is a functional of the fields {qu}r invariant under (2), {fa[¢]}, are some
functionals of the fields {¢"}, which are not invariant under (2), B [f [¢]] is a functional
of the {fa[¢]} 4 and

= 6fA [QM

FAB [QS] 5B

e=0

and we show the following

Theorem 1. .¥ is independent on the choice of the functionals {fa[¢]} 4 and depends
on Bf [#]] only through a multiplicative field-independent constant.

We can use Theorem 1 to gain the expression for the functional integral of an operator
invariant under (2) we were searching for. Let us consider a functional V' [¢] invariant
under (2) and write the variation of {fa [¢]}, under (2) as

falel — fald]+€e®0pfald]
= Jaldl+e€ 5bialéd

B )
o€ e=0

setting Q@ = [ ][4 dfa and taking
G [¢] = 1OV [g].

Using Theorem 1 we can thus derive this important identity originally derived by a B.
S. DeWitt, L. D. Fadeev e V. N. Popov |7, §|

s = [0V (6] B £ 6] det (5ufa [6) (3)
C
- C|Blﬂ|B1

= & [l gl

3. BRST TRANSFORMATION

In order to introduce the BRST transformation we write the functional B[f] by means
of its Fourier transform

BUA) = [ (a1 i ()

where [dh] = [[,dh?. We recall [9] the the determinant of the matrix 64 f5 [¢] can
be written by means of a functional integral on some Grassmann variables {CA, C*A} "N
called ghost ed antighost fields respectively!

det (6415 [8]) / [dc*] [de] eic™ e 0atple) (5)

LWe stress that ¢* and ¢4, being completely independent on each other, are not related by complex
conjugation.
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where [dc] =[] 4 deA, [def] =114 dc*A. Substituting (4), (5) in (3) we have
I /[dqb] 6i1[¢]V[¢]/[dh]eihAfA[¢}@[h]/[dc*] [dc] eic*BcAéAfB[qﬂ (6)
= / [do] [dh] [dc*] [de] 1) oih fald] gic Pctoafeloly, (8] B[1]

- ]/[d¢]hﬂﬂ[dcﬂ[dc]e“NE“*¢ﬁ‘*”“/[¢]9?Uﬂ
with
INEW [¢, h, C, C*] =1 [¢] + hAfA [¢] + C*BCA(sAfB [(Z)] . (7)
Now we set {¢;}; = {{¢"},, {hA}A , {cA,c*A}A} and give the following

Definition 2. Given a functional F [1)] se §F [)] = (6v;) G* [1b] we set G [¢)] = ‘SL(SLJM.

Definition 3. Given a functional F' [¢], we will write the first order variation of F [¢]
under a transformation (2) as 0F [¢)] = €204 F [¢)].

Definition 4. The structure constants fCA p are given by

08,0c] = fcda. (8)

Definition 5. The Slavnov’s operator is given by

1) 1 1) 1)
_ A 9L L po.a 0L 4 0L
s=c (5A¢)5¢T 5¢ ¢ [ Bos S A (9)
Remark 6. Applying the Definitions 2, 3 to a generic functional F' [¢] we get
orF
Fl = ()
o OLE @
60 L2
and taking d¢° = €45 4¢°
SF[¢] = €'5aF ][9]
s OLF (@
(667 2L
SLF [¢]
_ A s\ YL
= € (514(;5 ) 5¢3
so, being {EA} 4, completely arbitrary, we find
oLF
sar 6] = 2 A0 (10)

We are now in the position to show that the action (7) even if, containing the func-
tionals {fa [¢]} 4, is not invariant under (2), is symmetric with respect to another trans-
formation, originally discovered by C. Becchi, A. Rouet, R. Stora e I. V. Tyutin within
gauge theories [3, 5| and known as BRST transformation, acting on a generic functional
F [¢] in the following way

Fl)] = F)] +0sF [¢] (11)
3



where 6 is an “infinitesimal” Grassmann variable .
We observe that the transformation (11), acting on a functional F'[¢], is just a trans-
formation (2) with infinitesimal parameters e = fc?. In fact under (11)

Fg] — F[¢] + 0sF [¢]

= F[g] + 0c* (497) 25E10)

— F[g] + (9c4) 0aF [4] (12)

which, by means of 3,is just a transformation (2) with infinitesimal parameter e = fc?.
To show that (11) is a symmetry for Ingw [, h, ¢, c*] we first need to show that the
BRST transformation is nilpotent i.e. s> = 0. Using (9) we have

(13)

5 1 5 5 ) 1
2 A nOoL Ll pcoea 0L 54 0L D s\ 0L L p E.r
s = [C (5A¢)6¢7“ QCCfBC(;CA héc*A][C (5D¢)(5q§5 2cchEx
WO up 0L | _
el dexP
31 (cPope*) or op 0 1]0n(PcPf pp) o1
_ A r D s . DE) YL D E
= c((SA(b){ 5o 5¢S+c (5D¢)5¢r(5¢s 5 55 5CF—|—cc X
5, & d, 6 1 51 (Popp®) § s
I by (scLF] e 5ch} - 2CBCCfABC{ ((5CA )5;3 — ¢ (bo7) x

116 D _FE rF
oL O [L(C c DE)57L+CDCEfFDE5L o | _,pdL I

XA shs 2 5cA 5P 5cA 5cF 5cA 5D
5. o 1 5 8 S

LAl D s 90 0 1 pprp,r 0L 0L ,p oL Op | _

h [ " 0p8") 55T 54 ~ 3¢ ¢/ pESaAGE A 5C*D]

S 1 F
— CA (5A¢r) [cDéL((SM 5L <CDCE5LfDE5L +CDCEfFDE 5[, 5L )

S¢r b5 2 S¢r ock S 5ck

o, 0 1 ) o, 0 1)
o090 0L | 1 pcoa s OL _ pys oo 0L 0L p  pirL
h So" 5C*D] 26 c f BC[(5A¢)5¢S ¢ (6D¢)5CA 5¢s f ADC (5CF+
o, o o, 0 1 o, 0
_pp oL %L A|.D sy 9L 9L | 1 D EF L 0L | _
W SeAgen | Th [C Op¢") Soasgs T3¢ ¢/ prgaa M}
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1 m 0L (0p)@° s o 1
= §CACD [(5[A¢) (5(;57» ) — f¢ D5C¢]5¢S+ CBCCCD[f sof ap + (14)
1) 1) 1 o O 1
~ (o) 2 (;C] 5o ~ 3¢ <" 019") [ g i 5 + 5P e e (909°)
L Or }DEA oL 0r D OL 5L D5 s\pA 0L OL
5¢s ScA + h f DE § %A §oF (5A¢ ) h 5" dc (0p¢°) h S A 58 +
o, O
c 0oL Or
+ e f ScA §e+D
_ 1AB($L(5[B¢T) s C .| 0L 1BCD E Lch .
= 2 [5¢ (5 d) f 6C¢ 5¢7‘ 2C C Cf DE+ 6¢)r (5 (b
. O
ScA’

By means of (13) it’s easy to show that the BRST transformation is nilpotent. In order
to show this, we consider (10) with F'[¢] = dp¢” and we take the antisymmetric part
with respect to A, B using (8); finally we get

oL (959"
040" = 0 410°
(A0B)® 565 A9
= fCupdce”
showing that the first term in square brackets in the last passage of (13) equals zero.
Besides we consider Jacobi’s identity

0 = [[64,0B],0c] + [[0B,0c],da] + [[6c,04],0B] (15)
= [fPapdp,oc] + [fPpcop,da] + [fPeadD. o8]
= fPapdndc — 8¢ (fP4p0p) + fPpcdpda — 84 (fPpcop) + fPeadnds — 85 (fPcadp)
= fPandinéc) — (BcfPas) 6o+ fPredpda — (64f pc) 60 + fPoadpdn — (68 ca) 6p
= [PaplPocde + PpcfPpade + Poatppde — (0o fPap) 60 — (0afPpc) 60 +
— (08fPc4) 0
= (PasfPpo+ PecfFpa+ PoatPps — 0 fPap — 0afs0 — 081 ca) 0B

1

= 3 [fD[AB} e+ Ppoyffoa+ PoafFos - <5CfE[AB] +0af g0 + 5BfE[CA]>] op
1

Y (fD[ABfEDC] - 5[CfEAB]> op-

Looking at (8) it’s easy to realize that the structure constants f¢ 4p depend only on the
fields {¢"},.. Thus we can employ (10) with F [¢] = f€, 5 and gain

5 C
opfap = L5f¢;43 dpd°. (16)
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Substituting (16) in (15) we get

orfh
(fD[ABf DC) — 6¢LAB e, qbs) =0

which implies
5L f E[ AB
fYoud

(17) is just a generalization of the Jacobi’s identity for field-dependent structure con-
stants. Using (17) the second term in the last passage of (13) is

FPasffop + 5c1¢° = 0. (17)

4 A
%CBCCCD < oA+ 5L5f¢fCéD¢r> ;TLA _ ;CBCCCD% < B ol + 5L§¢[T 5 ¢r)
W oL
dcA
= 0,
SO
s =0. (18)

To show the action (7) to be invariant under (11) we observe that, using (10), we have

5 (A fale)) 5 (A falg])

s(@alel) = P 0p0") =5 - WP (19)
. 5 5 *A
— B (650" A ngr[(ﬁ] _ 1B (SLCZB ne
= oot (aagn) BIBEL g, 1

dor
= —(¢Petoafple] +h fald]) -
Substituting (19) in (7) we get

INEw [(bv h,C, C*] =1 [d)] - S (C*AfA [gb]) : (20)

Thus, using (18) and the fact that the transformation (11), acting on I [¢], is a transfor-
mation (2) and that I [¢] is invariant under (2), we can show that under (11)

INpw [0, h,c,c*] — Ingw o, h,c, ¢+ 0sInpw (), h,c, "]
= INEW [(b h,C, C*] +65 [ [ ] ( *AfA [(b])]
= INEW [(Z) h,C,C*]-i-HSI[ ]

[¢ "

= Ingpw |9, h,c,c

This shows the invariance of Ingw [@, h, ¢, c*] under the BRST transformation.
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4. BRST CHARGE

In the quantum theory the transformation (11) acts on states in the Hilbert space H.
We can thus define a fermionic operator @), known as BRST charge, so that the variation
under a transformation (11) of a generic operator ® [¢] is

0@ Y] = —i[6Q, @ [y]]. (21)
If @ [4)] is bosonic or fermionic, (21) becomes
0@ Y] = —i(0QP[Y] — @ [Y]0Q) (22)
= —i0(QP[Y]F2[¥]Q)
—10 [Qv ¢ [w]]q: :

Employing the fact that the BRST transformation is nilpotent, it is easy to show that
Q? = 0. As a matter of fact, by means of (11), (22) we have dy® [t)] = 0s® [1)] =
—i0[Q, ® [¢]]. Thus, using (18) we get

0 = s°®[¢]
= s(-1[Q, 2 [¥]l5)
= —is[Q, ® Y]]+
- [ @ 2[llL],
= —[QQPH]FO[] Q)£ (QY[¥]F 2 [¥]Q)Q]
= —(Q*® [ - [¥]Q?)
= —[Q*®[y]

from which follows that Q% < I o Q% = 0. But, having Q a non vanishing ghost number
[10], we necessarily have

Q*=0.

The charge () has a really important role in selecting physical states in H. To show this,
we consider some operators O4,Op, ... depending just on the fields {¢"}, and invariant
under (2). If we can express the vacuum T-product of an arbitrary number of operators
04,0p, ... as a sum over the paths [3, 9], we get

J [d¢] e"¥10,40p - -
f [dg] etll¢]

(0|7 (0405 ---)|0) =

which, using (3) and (6), becomes

J [do] [dh] [de] [de] N Ew 120 0O - - 2 [h]

O 040 = 0 = = g ah e a e e

(23)

Given two physical states |a) , |3) we know [9] that the amplitude («| 3) can be expressed

in terms of a path integral. Anyway, looking at (23), (7) we see that («|/) depends on

the functionals {fa [¢]} 4, whose choice must not change the amplitude between two
7



physical states. Thus we require that, varying U = ¢*4f4 [¢], the amplitude (a| ()
remains unchanged. Using (22) we get

6{alB) = (alib(s¥)[B)
= i{afs(69)|F)
— ia]-i10.091.]5)
=0
which implies
(al@=Q[3) =0. (24)
We have thus shown that the BRST charge select physical states by means of (24).
We conclude observing that in all this procedure and derivation we never employ the
canonical formalism any way. This makes us free to avoid all of the ambiguities which
follow from the canonical quantization of systems with infinite degrees of freedoms [4].
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