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Abstract

We study equatorial eccentric orbits in Kerr geometry and apply relativistic precession model to the cases of
black hole X-ray binaries (BHXRB) where two HFQPOs (High-Frequency Quasi-Periodic Oscillations) and Type-C
QPO are simultaneously observed, or to the cases where only two simultaneous HFQPOs are observed, for example
in GROJ1655-40, M82X-1, XTEJ1550-564, 4U1630-47, and GRS1915+105. We assume that the frequencies to be
Gaussian or Gamma distributed and calculate probability distributions to infer eccentricity e, periastron distance
rp, of the orbit giving rise to QPOs, and the spin of the black hole, a. In the equatorial case, we find that the
eccentric solutions are found in the region between ISCO and the marginally bound orbit. We also establish the
primacy of eccentric orbits in this region for the generation of 3:2 (R = νφ/(νφ − νr) ' 1.5) commensurability
of QPOs as a strong possibility. We also explore the dynamical parameter space to produce commonly found
fundamental frequency ratios for spherical (Q 6= 0) bound trajectories in the coronal region.

1 Introduction

BHXRB are the systems with a primary black hole and a non-degenerate secondary star. QPOs with frequencies
higher than 40 Hz, called HFQPOs, are key to study the regions very near to the black hole. There are also the
cases of BHXRB which have shown two simultaneous high-frequency QPOs where their specific frequency ratios are
approximately commensurate: 3:2, 5:3, 2:1, 3:1 and 4:1, [4]. Whereas, GROJ1655-40, M81 X-1 are known to show the
detection of three simultaneous QPOs [11, 14].

We first take up the specific application of relativistic precession to HFQPOs that come in pairs and study the
possible regions around black hole giving rise to 3:2 commensurability. We study equatorial eccentric to investigate
the HFQPO commensurability regions around Kerr black hole. We also show that the region inside innermost stable
circular orbit (ISCO) is a probable site for the generation of QPOs with 3:2 ratio. Next, we take up in detail, the cases
of BHXRBs where three or two simultaneous HFQPOs have been detected. We attribute them to the RP model and
calculate the parameters {e, µ, a} of the equatorial eccentric orbits which are possibly giving rise to these QPOs, using
frequency formulae derived in [15]. We see that eccentric orbits inside ISCO radius are highly probable candidates for
3:2 commensurability.

2 Relativistic precession and QPOs in BHXRB

We study equatorial eccentric to investigate the possible regions of generation of QPO commensurability around a
Kerr black hole. Assuming the RP model for QPOs, we study the region of origin of these QPOs in the (e, rp) plane
for different values of a and also in the (a, rp) plane for different values of e, Fig. 1. We see from Figs. 1(a) &
1(b) that in (a, rp) plane as the eccentricity increases, the 3:2, 5:3 and 2:1 ratio contours move inside ISCO, which
explains that these simultaneous QPO signals could be originating from eccentric orbits in the region between ISCO
and circular innermost marginally bound orbit (CIMBO), which we call as orifice region. Also, we see from Figs. 1(c)
& 1(d) that in (e, rp) plane as the spin parameter increases, the ratio contours move slightly outward, where the high
eccentric orbits are in the orifice region.

Next, we take all the possible allowed combinations of parameters (e, rp, a) for the eccentric orbits and calculate
R = νφ/ (νφ − νr) using the frequency formulae derived in [15] and split the parameter volume into three sets. The
first set corresponds to all the orbits that lie in the orifice; we call this as the orifice set. The second set corresponds to
all the allowed orbits that lie in between ISCO and 10rg, we call it as the disk set, and the third set, called the union
set, is the union of the first two. Fig. 2(d) shows the probability density distribution, P (R), for these three regions
and it peaks between R =1.5-1.7 only for the orifice set, whereas for the disk and union sets P (R) peaks between
R =2-3. This makes the argument for the origin of 3:2 commensurability from the eccentric orbits in the orifice region
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Figure 1: The frequency ratio νφ/ (νφ − νr) contours in (a, rp) plane for different eccentricities, (a) e = 0.3, (b)
e = 0.9, and in (e, rp) plane for different spin values, (c) a = 0.25, (d) a = 0.98.

stronger. We further examine the contours of the P (R) in the (R, e) plane for these three regions, shown in Figs.
2(a)-2(c). It is seen that for the orifice region, fig. 2(a), P (R) peaks near (e = 0.5; R =1.5-1.7), whereas for the other
two cases, shown in Figs. 2(b), 2(c), P (R) peaks for (e < 0.4; R =2-3). Under the assumption that accretion disk
has its inner edge at ISCO, the orifice is likely to be vacuous. There is a possibility, supported by the above argument,
that before falling into the black hole the instabilities in the accretion disk make the blobs to oscillate in an eccentric
orbit with its periastron in the orifice giving rise to HFQPOs with the most probable frequency ratio 3:2.

3 Parameter estimation from RP model for QPOs

We take a more generalized approach to the RP model and consider that the orbit of the self-emitting blob can have
any eccentricity and find the (e, rp, a) of the orbit in the equatorial plane, by using the fundamental frequency formulae
[15]. We apply this method to various BHXRB with three or two simultaneous QPOs, where we assume the mass
measured from optical and infrared observations and spin of the black hole obtained by the fitting to the Fe Kα line
or to the continuum spectrum; see Table 1.

All the solutions of (e, rp, a) for the sources, given in Table 1, are tabulated in Table 2. For the case of GROJ
1655-40, the exact solution for e, rp and a was not found for the centroid QPO frequencies by simultaneously solving
the equations νφ = ν10, νφ − νr = ν20 and νφ − νθ or νLT = ν30. Hence, the solution was taken at the peak value of
normalized probability density for the case of ν30 = νφ− νθ (the peak probability for ν30 = νLT is a factor of a million
smaller), which is in close proximity to the centroid frequencies and well within the given 1σ errors. For the case of
M82X-1, two exact solutions were found with ν30 = 210mHz, one by using νφ − νθ = ν30 and the other by solving
νLT = ν30, where νLT is the Lense-Thirring precession frequency given by [7]

νLT =
2aµ3c3

(
1− e2

)3/2
2πGM

=
aµ3c3

(
1− e2

)3/2
πGM

. (1)

The solution found using νLT for the case of M82X-1 has a slightly higher value of a as compared to the solution
found using νθ, this is because the Lense-Thirring frequency is directly proportional to a. The probability density
peaks naturally at non-zero eccentricities for most of the sources and hence the best fit solution shows that the orbits
are eccentric, which validates the importance of our analytic results for eccentric orbits.
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Figure 2: The figures show the contours of P (R) in the (R, e) plane for the all allowed combinations of (e, rp, a)
shown for (a) in the orifice, where the P (R) is peaking for R between 1.5-1.7 and e near 0.5, (b) in the disk, where
P (R) peaks for (R =2-3; e =0-0.4), and (c) for the entire region between CIMBO and 10 rg, where P (R) peaks for
(R =2-3; e <0.4). Figure (d) shows P (R) as a function of R for all these three different regions as indicated by the
legends, where only for the orifice, P (R) peaks near R =1.5.

S.No Source ν1 ν2 ν3 M/M� a References
Hz Hz Hz

1. GROJ1655-40 441±2? 298±4? 17.3±0.1? 5.4±0.3† - [11]?, [21]?,
[16]?, [1]†

2. M82X-1 5.07±0.06? 3.32±0.06? 37 mHz? 428±105? - [14]?

120 mHz?

210 mHz?

3. XTE J1550-564 268±3? 188±3? - 9.1±0.61† 0.55±0.22‡; [17]?, [9]?,
0.34+0.37

−0.45
∗ [12]?, [13]†,

[20]‡, [10]∗

4. 4U1630-47 179.3±5.7? 38.06±7.3? - 10±0.1† 0.985+0.005
−0.014

‡ [6]?, [18]†,
- [10]‡, [5]‡

5. GRS1915+105 69.2±0.15? 41.5±0.4? - 10.1±0.6† 0.98±0.01‡ [22]?, [2]?,
- [3]?, [19]†

, [8]‡

Table 1: The table presents the existing cases of BHXRB with simultaneous twin high-frequency QPOs, having a
characteristic frequency ratio. The first two rows present the cases with three simultaneous QPOs (2 high frequency
and one low frequency) and the remaining rows, the cases with two simultaneous high-frequency QPOs. The references
with corresponding QPOs detection are indicated by ?, †marks the references with mass detection and ‡ or ∗ represents
the references of spin detection.

The Fig. 3(a) shows the solutions for the frequency ratio 3:2 in the (rp, a) plane that lie in the region bounded by
the contours corresponding to e = 0 and e = 0.99. This indicates that the simultaneous HFQPOs with 3:2 ratio are
likely to be generated by the eccentric orbits in this bounded region. Similarly, Fig. 3(b) shows that all the solutions
in the (rp, e) plane lie inside the region between the bounding contours a = 10−5 and a = 0.99. This also implies
that the simultaneous HFQPOs with 3:2 frequency ratio are likely to be generated by eccentric orbits and should be
originating from the orifice. For the cases with 3:2 QPO frequency ratio, the Fig. 3(c) shows solutions in the (e, a)
plane bounded by the theoretical curves for 3:2 with different values of rp, which again confirms that the eccentric
solutions of simultaneous HFQPOs with 3:2 ratio are generated in the region roughly between rp = 2 to rp = 6. Hence,
as the results above imply that the orifice is an important region for 3:2 commensurability through eccentric orbits.
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S.No Source e0 σe a0 (given? σa rp0 σrp
/calculated†) (rg) (rg)

1. GROJ1655-40 0.072 0.0465 0.283† 0.0025 5.262 0.0922

2. M82X-1 0.291. 0.0536. 0.2954,† 0.00564 4.5594 0.10714

0.355∧ 0.0839∧ 0.332∧,† 0.0176∧ 4.282∧ 0.3091∧

3. XTE J1550-564 0.268 0.0092 0.34? +0.37, 4.352 0.0187
-0.45

4. 4U1630-47 0.734‡ 0.0536‡ 0.985? +0.005 2.248‡ 0.2982‡

-0.014
0.879� 0.0236� 1.396� 0.0598�

5. GRS1915+105 0.919 0.0017 0.98? ±0.01 1.744 0.0222

Table 2: The table shows the estimated value of eccentricity, periastron distance of the orbit generating simultaneous
QPOs in BHXRB and spin of the black hole and their corresponding 1σ errors using the RP model, where ? represents
the cases where a is obtained from previously measured fits to the Fe Kα line or to the continuum spectrum (see Table
1) and † represents the cases where a is evaluated by our method. For the case of 4U1630-47 the parameters were
calculated by two methods; ‡ represents the case where the parameters were calculated by considering the two QPOs
equal to νφ and (νφ − νθ) and � represents the case where the parameters were calculated by considering the two
QPO frequencies equal to (νφ − νr) and νLT (Eq. (1)). For M82 X-1, 4 represents the case where the low-frequency
Type-C QPO was equated to νnod and ∧ represents the case where it was taken to be νLT . We used a Gaussian filter
for GRS1915+105 and 4U1630-47 to reduce the noise in the probability density data.
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Figure 3: The figure shows the solutions for BHXRB (also see Table (2) in the parameter space. The points with red,
blue, green, orange, and black colors represent the solution for GRO J1655-40, M82 X-1 (νφ − νθ), M82 X-1 (νLT ),
XTE J1550-564, and GRS 1915+105 respectively. Panel (a) shows the solutions for the objects with 3:2 HFQPO
frequency ratios in (rp, a) plane, where the black contours represent curves with frequency ratio, νφ/ (νφ − νr) = 3/2,
with the inner one corresponding to e = 0.99, while the outer one corresponds to e = 0. Panel (b) only for the
objects with 3:2 HFQPO frequency ratios in (rp, e) plane. The inner black contour represents a curve with frequency
ratio, νφ/ (νφ − νr) = 3/2, corresponding to a = 0.99, whereas the outer black contour with the same frequency ratio
corresponds to a = 10−5. Panel (c) shows the solutions in the (e, a) plane and the contours represent the 3:2 frequency
ratio, νφ/ (νφ − νr) = 3/2, curves for different values of rp indicated in legend.

4 Summary and discussion

We study the possible region of generation of 3:2 commensurability of HFQPOs around Kerr black hole in BHXRB.
Assuming the RP model, we study the case of equatorial orbits and find that the orifice is an important region for
the generation of these frequencies. We take up the specific cases of BHXRB where three or two simultaneous QPOs
are observed and find the parameters (e, rp, a), Table 2, by applying the RP model for equatorial eccentric orbits
using the fundamental frequency formulae. We find that the eccentric orbit solutions are possible and the orbits in
the orifice region are most probable to generate 3:2 commensurability. This implies that, assuming the accretion disk
ends at ISCO, the instabilities falling into the black hole from ISCO might follow eccentric trajectories in the orifice
region producing HFQPOs in 3:2 resonance.
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