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We analyze a fully geometric approach to dark energy in the framework of F (R,G)
theories of gravity, where R is the Ricci curvature scalar and G is the Gauss–Bonnet
topological invariant. The latter invariant naturally exhausts, together with R, the whole
curvature content related to curvature invariants coming from the Riemann tensor. In

particular, we study a class of F (R,G) models with power law solutions and find that,
depending on the value of the geometrical parameter, a shift in the anisotropy peaks
position of the temperature power spectrum is produced, as well as an increasing in the
matter power spectrum amplitude. This fact could be extremely relevant to fix the form
of the F (R,G) model. We also perform an MCMC analysis using both Cosmic Microwave
Background data by the Planck (2015) release and the Joint Light-Curve Analysis of the
SNLS–SDSS collaborative effort, combined with the current local measurements of the
Hubble value, H0, and galaxy data from the Sloan Digital Sky Survey (BOSS CMASS
DR11). We show that such a model can describe the CMB data with slightly high H0

values, and the prediction on the amplitude matter spectrum value is proved to be in
accordance with the observed matter distribution of the universe. At the same time,
the value constrained for the geometric parameter implies a density evolution of such a
component that is growing with time.

Keywords: Modified theories of gravity; observational cosmology; exact solutions.

PACS Number(s): 04.50.−h, 04.20.Cv, 98.80.Jk

1. Introduction

A successful description of both the early- and late-time cosmic acceleration can
be addressed assuming a geometric approach in cosmology where the left-hand
side of the Einstein field equations is modified without adding further material
contributions to the energy–momentum tensor.1–8 This “geometric picture” can be
realized in several ways considering curvature or torsion invariants into the effective
gravitational action.9 The general aim is to address shortcomings of the standard
cosmological model10–14 both at early and late epochs under the standard of a
comprehensive picture that extend the good results of General Relativity. In this
sense, we deal with Extended Theories of Gravity.6

In this approach the geometric invariant terms start contributing more signifi-
cantly at a given epoch8 and are directly related to the important phenomena in the
universe evolution, such as the process of structure formation and early- and late-
time cosmic acceleration. The theoretical predictions of this geometric approach
must be confronted with observational data in order to verify their observational
viability.15–17 As a well-known example, inflation generates density perturbations
with a nearly scale-invariant spectrum, a feature can be directly observed measur-
ing the Cosmic Microwave Background (CMB) anisotropies in temperature.18–24

Currently, the viability of various inflationary models2–4,25–38 has been investigated
using these measurements.

Both early- and late-time acceleration can be achieved considering higher-order
curvature terms in the action of gravitational interaction.6,7,39–47 The Starobinsky
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model,1 for example, is an inflationary scenario which is realized considering a
R2 contribution in Ricci curvature scalar. Other models realize inflation under a
similar standard.48–55 From a fundamental physics point of view, such curvature
invariants are derived as quantum corrections from renormalization of gravity in
curved spacetime.56 Other curvature invariants such as RµνRµν , RµνσρRµνσρ have
also been taken into account in the literature,57–61 in particular, the Gauss–Bonnet
topological invariant G which is related to the emergence of the trace anomaly in
curved spacetime.56,62 In general, if both R and G are present in the gravitational
action, all the curvature budget is considered, if we do not take into account further
derivative terms like �R and others.63 As shown in Ref. 64, the presence of nonlinear
G terms in the action gives rise to further inflationary episodes that can be connected
to the observed large-scale structure process. In these models, one has an early G-
dominated phase followed by the usual R-dominated phase. In general, the presence
of Gauss–Bonnet topological invariant can solve some problems of F (R) gravity as
discussed in Refs. 65–73.

An important issue has to be addressed after the gravitational wave event
GW170817, recently reported in Ref. 74. As discussed in detail in Ref. 75, many
alternative theories of gravity can be discarded considering the upper bound on the
wave propagation which is set to be |cg/c− 1| ≤ 5 · 10−16 from the observations. In
particular, F (R) gravity remains a viable theory, while General Relativity, improved
with f(φ)G, discussed in Ref. 76, seems to be excluded by the observations. There,
f(φ) is a function of a phantom field and G is the Gauss–Bonnet invariant. The
advantage of considering a Gauss–Bonnet nonminimal coupling relies on the fact
that an improved phantom–quintessence phase of the late universe occurs, thanks
to such a term. The Gauss–Bonnet curvature becomes dominant and then the phan-
tom phase is a transient: this means that the Big Rip singularity is avoided. This
nice feature, in particular, the nonminimal coupling with a scalar field, seems in
disagreement with recent measurement of GW170817 (see Ref. 75). Despite this
fact, F (R) remains a viable theory and, better, F (R,G) can be retained because it
is a singularity-free theory where the Gauss–Bonnet contribution enhances the reli-
able behavior of curvature quintessence61 and inflation.64 This ghost-free behavior
is one of the main motivations for the following study.

In this paper, we test the observational viability of a class of F (R,G) cosmolo-
gies and their power law solution for the scale factor derived in Refs. 68 and 70.
We perform a MCMC analysis using the current CMB data provided by the Planck
Collaboration (2015),77 along with type Ia supernovae observations from the Joint
Light-Curve Analysis (JLA) of the SNLS–SDSS collaborative effort,78 current local
measurements of the Hubble parameter, H0,79 and clustering data from the Sloan
Digital Sky Survey (BOSS CMASS DR11).80 We organize this paper as follows.
Section 2 reviews the basic features of F (R,G) cosmology. The method, the obser-
vational data sets and the priors used in the analysis are discussed in Sec. 3.
In Sec. 4, we discuss our main results. We summarize our main conclusions in
Sec. 5.
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2. The Gauss–Bonnet Cosmology

Following the lines of Ref. 68 and adopting physical units such that c = kB = � = 1,
we consider the general action for the Gauss–Bonnet gravity:

A =
1
2κ

∫
d4x

√−g[F (R,G) + LM ], (1)

where R is the Ricci scalar, G the Gauss–Bonnet invariant and LM the matter
Lagrangian. Since we can define the Gauss–Bonnet invariant as

G ≡ R2 − 4RµνRµν + RµνρσRµνρσ, (2)

the action (1) contains all the possible curvature invariants that can be derived
starting from the Riemann tensor. Assuming a spatially flat Friedmann–Robertson–
Walker (FRW) metric, ds2 = −dt2 + a2(t)dxidxi, we can write the Friedmann
equations as

3fRH2 = κρ(m) +
1
2
(fRR − F (R,G) − 6H ˙fR + GfG − 24H3ḟG), (3a)

2fRḢ = −κ(ρ(m) + p(m)) + H ˙fR − f̈R + 4H3ḟG − 8HḢḟG − 4H2f̈G , (3b)

where a is the scale factor, H = ȧ/a is the Hubble parameter, κ = 8πG, ρ(m) and
p(m) are the energy density and pressure of the clustered matter, respectively, and
the overdot denotes a derivative with respect to the cosmic time t. In addition,
here and henceforth, we use the notations fR ≡ ∂F (R,G)

∂R and fG ≡ ∂F (R,G)
∂G for the

partial derivatives with respect to R and G. The system of cosmological equations
becomes self-consistent considering the definition of the Ricci curvature scalar and
the Gauss–Bonnet invariant in terms of the scale factor a and then the Hubble
parameter H . As derived in Ref. 68, they are related to the Lagrange multipliers
that have to be introduced in the action 1. We have

R = 6

[
ä

a
+

(
ȧ

a

)2
]

= 6(2H2 + Ḣ), (4)

G =
24ȧ2ä

a3
= 24H2(H2 + Ḣ), (5)

defined for the signature (− + ++). We can also rewrite the total energy density
and pressure, ρ(tot) and p(tot), due to R and Gauss–Bonnet contributions as73

ρ(tot) =
1
fR

[
ρ(m) +

1
2κ

(RfR − F (R,G) − 6HḟR + GfG − 24H3ḟG)
]
, (6a)

p(tot) =
1
fR

{
p(m) +

1
κ

[
2HḟR + f̈R + 8H3ḟG + 8HḢḟG + 4H2f̈G

− 1
2
(RfR + GfG − F (R,G))

]}
. (6b)

For cosmic acceleration, ρ(tot) + 3p(tot) < 0, and assuming that all matter com-
ponents have nonnegative pressure, we can write the equation-of-state w(GB) =
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p(GB)/ρ(GB) from the geometry terms as

w(GB) =

GfG + RfR − F (R,G) − 4H

[
2Hf̈G + 4ḟG(H2 + Ḣ) + ḟR +

f̈R

(2H)

]

F (R,G) + 24H3ḟG − GfG + 6HḟR − RfR

, (7)

where the quintessence behavior is obtained for −1 ≤ w(GB) < 0 while the phantom
behavior is achieved for w(GB) < −1.

Specifically, the Gauss–Bonnet term plays the role of a geometrical dark energy
as in the case of F (R) gravity61 and then it contributes to the effective cosmological
density according to the formula

H(z) = H0[Ωma−3 + Ωra
−4 + Ω(GB)a

−3(1+w(GB))]. (8)

This means that the effective value of the Gauss–Bonnet contribution can be “mea-
sured” by evaluating the standard matter and radiation contributions at the various
epochs, that is

Ω(GB) = 1 − Ωm − Ωr. (9)

It is important to stress that the coupling f−1
R does not affect the standard matter

(and radiation) dynamics in Eqs. (3a) and (3b) if we remain into the Jordan frame.
In such a frame, the geodesic structure, tracked by matter particles and photons,
is unaltered and remains minimally coupled into the field equations. This means
that only the geometrical part, i.e. the left-hand side of field equations, is extended
by assuming F (R,G) gravity. However, the situation completely changes in the
Einstein frame. Here, the result of the conformal transformation gives a nonmini-
mally coupled matter stress–energy tensor. This means that Ωm has to be redefined

Fig. 1. Behavior of wGB with the geometrical parameter s for both solutions n1 and n2. Note
that asymptotically, wGB → −1 for the case n1.
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while Ωr results the same because radiation is conformally invariant. For a detailed
discussion on this point, see Ref. 6.

However, the form of F (R,G) determines the evolution of w(GB). A viable
F (R,G) form can be achieved by considering the so-called Noether Symmetry
Approach.68 It can be shown that symmetries select the form of the function to be

F (R,G) = F0R
nG1−n, (10)

where n is any real number and F0 is a constant. For power law solutions of the
form a(t) = a0t

s proposed in Ref. 70, we obtain the relations

n1 =
1 + s

2
and n2 =

1
1 + 2s(s − 1)

− 2s, (11)

Fig. 2. Evolution of the geometrical density ρ(GB) for both solutions n1 (top panel) and n2

(bottom panel) with the scale factor a.
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Fig. 3. Anisotropy temperature (left panel) and matter power (right panel) spectra for several
value of the geometrical parameter s. The data in the temperature power spectrum are from the
binned Planck (2015) release, while for the matter power spectrum, the data refer to the SDSS
galaxy survey DR-11.

such that Eq. (7) can be written in terms of n and s as

w(GB) =
3 − 2(n + s)

3s
, (12)

where n can assume the values n1 or n2. In Fig. 1, we show the behavior of w(GB)

with the geometrical parameter s for both relations n1 and n2. Note that asymptot-
ically, w(GB) behaves like the ΛCDM model with w(GB) → −1 for the case n1. Also,
in Fig. 2, we show the evolution of the geometrical density, ρ(GB), for both relations
n1 (top panel) and n2 (bottom panel). In particular, we note that for positive values
of s, the geometrical density ρ(GB) grows very rapidly in the past and tends to zero
today (for both n1 and n2). This would not allow a dynamic evolution of the uni-
verse dominated in the past by other components, i.e. matter and radiation, since
this geometric component would be dominant. This also applies to positive values
for the n1 solution, while its negative values allow a density evolution increasing
over time and dominant (only) today. Since we aim to study viable values of the
geometrical parameter, i.e. values that can well describe the observational data, we
restrict our analysis to explore negative values of the parameter s considering only
the relation n1.

From the effect on the temperature power spectra, which is a slight shift in the
peaks position, and the influence in the amplitude in the matter power spectrum, as
shown in Fig. 3, we also note that for value of s < −5, the observational predictions
remain almost unchanged (it is because w(GB) is practically already −1), so we
consider as a proper range for our analysis the flat prior −20 < s < −0.005.

3. Method and Analysis

In order to produce the observational prediction of the model, we use a modified
version of the CAMB code,81 where we introduce the geometrical parameter, s, as
described in the previous section. We treat the geometrical component as a new
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cosmic fluid, considering the wGB contribution in both the background and in per-
turbative levels. We compare the model predictions with the data by a Monte Carlo
Markov chain analysis using the available package CosmoMC.82 In our analysis,
in addition to the geometrical parameter, we also vary the usual set of cosmological
variables, namely the baryon and the cold dark matter density, the ratio between the
sound horizon, the angular diameter distance at decoupling, the optical depth, the
primordial scalar amplitude and spectral index: {Ωbh

2, Ωch
2, θ, τ, As, ns}. We con-

sider purely adiabatic initial conditions, fix the sum of neutrino masses to 0.06 eV
and the universe curvature to zero, and also vary the nuisance foregrounds parame-
ters.77 The large flat priors we used on the cosmological and geometrical parameters
are shown in Table 1.

We use the CMB data set from the latest Planck (2015) Collaboration release,77

considering the high multipoles Planck temperature data from the 100-, 143- and
217-GHz half-mission T maps, and the low multipoles data by the joint TT, EE,
BB and TE likelihood, where EE and BB are the E- and B-mode CMB polarization
power spectrum and TE is the cross-correlation temperature-polarization (hereafter
“PLC2”). We also combine the CMB data with an extended background data sets,
composed of Supernovae Type (SNe) Ia, Hubble constant local measurement and
galaxy data, i.e.

• for the SNe data, we use the JLA sample78;
• for the H0 measurement, we use the Riess et al. results on the local expansion

rate,79 H0 = 73.24± 1.74 km · s−1 ·Mpc−1 (68% C.L.), based on direct measure-
ments made with the Hubble Space Telescope (HST). This measurement is used
as an external Gaussian prior;

• for the galaxy data, we use the full matter power spectrum by measurements from
the Baryon Oscillation Spectroscopic Survey (BOSS) CMASS Data Release-11
sample (covering the redshift range z = 0.43− 0.7) of the Sloan Digital Sky Sur-
vey (SDSS) experiment,80 publicly available in the SDSS Collaboration website
(www.sdss3.org).

The extended data set (Ext) used in our analysis comprises PLC2, HST, JLA
and SDSS data.

Table 1. Priors on the model
parameters.

Parameter Prior ranges

Ωbh2 [0.005 : 0.1]
Ωch2 [0.001 : 0.99]

θ [0.5 : 10.0]
τ [0.01 : 0.8]
ns [0.8 : 1.2]

log 1010As [2.0 : 4.0]
s [−20 : −0.005]

1850084-8
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4. Results

The main results of our analysis are summarized in Table 2, which displays the
bounds on the cosmological and geometrical parameters. We also show in Fig. 4,
the posterior probability distributions of s and the derived parameters H0 and
ΩGB, namely the Hubble constant and the density parameter of the geometry con-
tribution. For comparison we also show the constraints on the dark energy density
parameter, ΩΛ, of the standard ΛCDM model.

Table 2. 68% confidence limits and best fit values
for the cosmological and geometrical parameters. The
first columns-block show the constraints for the wGB
model using PLC2 data, while the second columns-block
refers to constraints using the Ext data set, i.e. joint
PLC2+ HST +JLA + SDSS data. The table is divided into
two sections: the upper section are the primary parameters,
while in the lower part are the derived ones. The last line
stands for ∆χ2

best values, which refers to the difference with
respect to the ΛCDM model using the same data set. Note
that the upper limit of the geometrical parameter s refers
at 95% C.L.

Parameter PLC2 Ext

Primary
100Ωbh2 2.224 ± 0.024 2.228 ± 0.022
Ωch2 0.1196 ± 0.0022 0.1193 ± 0.0018
θ 1.04090 ± 0.00048 1.04098 ± 0.00044
τ 0.077 ± 0.020 0.079 ± 0.019
ln 1010As 3.088 ± 0.038 3.091 ± 0.037
ns 0.9657 ± 0.0064 0.9670 ± 0.0055
s < −0.005 −10.94 ± 4.35

Derived
H0 73.26 ± 6.91 69.74 ± 0.99
Ωm 0.272 ± 0.043 0.293 ± 0.010
ΩGB 0.728 ± 0.043 0.707 ± 0.010
w(GB) > −134 −1.06 ± 0.02

∆χ2
best −1.4 3.6

Fig. 4. (Color online) Probability distribution for the cosmological parameters of the w(GB)

model using the PLC2 (green line) and Ext (blue line) data set in comparison with the ΛCDM
model using PLC2 (red line) and Ext (black line) data set. The total density of the geometry
contribution, ΩGB , is compared with the dark energy density, ΩΛ, of the standard cosmological
model.
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From the first column of Table 2, one can see that while the constraints on
the primary parameters agree with the ΛCDM results (see, e.g. Ref. 83), we find
a larger value for the derived Hubble parameter, which disagrees at 1σ with the
ΛCDM prediction (see also the green line of Fig. 4). Also, the contribution of the
ΩGB parameter is higher with respect to the dark energy density of the ΛCDM
model. Such differences can be explained if one considers that the effect of the
geometrical contribution on the temperature power spectra is a shift in the peaks
position and in the matter power spectrum amplitude (see left and right panels on
Fig. 3). Indeed, these signatures are related, in the standard cosmological model,
with the ΩΛ and the H0 values. It means that, since the geometric parameter in
the wGB context produce a shift in the anisotropy peaks like the one produced
by ΩΛ and the H0 values in the ΛCDM context, these latter must assume higher
values to compensate such a shift. As one may see, the posterior distribution of
the s parameter is not Gaussian. This parameter is very weakly constrained using
only the PLC2 data, while the constraint improves when one considers the Ext
data set (as well as the constraints on H0 and ΩGB). We also note that the w(GB)

parameter falls slightly in the phantom regime for the Ext data set, and it shows
strong phantom behavior using only the PLC2 data.

The best fit of the wGB model using the PLC2 (blue) and the Ext (green) data
is shown in Fig. 5. We note that both of them are in accordance with the Planck
(2015) data for the temperature anisotropy power spectrum (left panel), while the
Ext data set better describes the SDSS-DR11 data in the matter power spectrum
(right panel). Finally, the ∆χ2 with respect to the ΛCDM model is reported in
the last line of Table 2. Even it is not possible to extract significant statistical
information by this simple comparison of χ2 values,a we can see that the minimum

Fig. 5. Anisotropy temperature (left panel) and matter power (right panel) spectra for the wGB
model best fit values using the PLC2 and Ext data. In the temperature power spectrum, the data
are from the binned Planck (2015) release, while for the matter power spectrum, the data refer to
the SDSS galaxy survey DR11.

aWe refer the reader to Refs. 84 and 85 for a discussion on proper model comparison.
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likelihood of the best fit of the analyzed wGB model is close to the Standard Model
one.

It is worth noting that the constraint on the s parameter is neither tight nor
Gaussian as has been mentioned earlier. It depends upon the limit w(GB) → −1
(see Fig. 1), so that for values of s < −5, there are few changes in the obser-
vational predictions, i.e. all the values of s produce almost the same observ-
ables. Moreover, the constrained best fit value corresponds to a density evolution
ρ(GB)(z)

ρc,0
= a−3(1+wGB) ∼ a0.3, which means a density that is growing with time.

5. Conclusions

F (R,G) theories of gravity take into account all the curvature budget coming from
the Riemann tensor by combining the Ricci curvature scalar and the Gauss–Bonnet
topological invariant. This class of models can be related to quantum field theories
on curved spacetimes56,62 and has been largely investigated as a generalization of
the F (R) gravity at the cosmological level.64

In this paper, we have examined the observational viability of power law solu-
tions70 for a class of F (R,G) models derived from Noether’s symmetries whose form
of the F (R,G) function is given by F (R,G) = F0R

nG1−n.68 We have shown that for
a subsample of model parameters, viable accelerating solutions can be achieved from
geometrical terms, described in the form of a modified equation-of-state parameter
w(GB). In some sense, this is an extension of the approach already developed for
F (R) gravity.61

Confronting these models with data, we have shown that they predict a shift
in the position of the peaks of the CMB temperature power spectrum and an
increase in the matter power spectrum amplitude with respect to the Standard
Model. We have tested the observational viability of this approach by comparing its
theoretical predictions with joint data of CMB, SNe Ia, local H0 measurement and
the matter power spectrum. We have found that both the anisotropy temperature
data and the matter distribution are well fitted, with the price of a high total
density of the geometry contribution, ΩGB, and H0 values. We conclude that this
geometrical description, assuming power law solutions, can describe the current
available observational data without further dark energy contributions. Remarkably,
its density evolution is a function that is growing with time.

An important remark is necessary at this point. Solutions n1 and n2 have a
power law behavior as determined by the Noether symmetries. This assumption
could be seemed too simple in order to address the whole cosmological evolution
starting from inflation, evolving into radiation/matter-dominated eras and, finally,
ending up into the dark energy behavior. However, as discussed in detail in Ref. 86,
it is possible to show that solutions of the type

a = a0(t − t0)
2n

3(1+w) (13)

arises as transient phases in any extended theory like, for example, F (R) gravity.
Here, as above, w is a barotropic index. These transient phases can evolve into
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accelerated behaviors representing attractors for the dynamical system describing
the related cosmology.87 In any case, the same exact solution, matching together
the sequence of inflation, radiation, matter and dark energy is unrealistic to be
found out in any power law theory of gravity. Nevertheless, considering transient
behaviors like in the case of n1 and n2 can be highly indicative to figure out the
evolution of a single cosmological era. In a forthcoming paper, we will generalize
the present results performing a dynamical system analysis for generic F (R,G)
models.88
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