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Abstract

We have obtained an exact solution for a static black hole in the theory with nonminimal
derivative coupling of a scalar field and gravity with a power-law Maxwell field minimally coupled
to gravity. Supposing that the black hole might be topological we examined the obtained
solution. We also investigated black hole thermodynamics using Wald procedure for calculation
of entropy of the black hole.

1 Introduction

General Relativity is extremely successful theory which allowed to explain numerous amount of
facts starting from the planetary motion (perihelion of Mercury) and up to the evolution of the
Universe and up to these days is in perfect agreement with high precision experiments [1, 2].
But nonetheless there are several important issues which still remain unsolved. Among them
we should point out such problems as origin of curvature singularities, cosmological constant
problem, dark energy/dark matter issue, higher order curvature corrections which give rise to
the necessity of modification of General Relativity [3]. There are different approaches which
give recipes to solve one or several of the mentioned above puzzles and it is worth being noted
that the so called scalar-tensor (or scalar-vector-tensor) theories are among the most preferable
here because of their relative simplicity and minimal modification of the basic principles of
General Relativity. The quite general form of the scalar-tensor theories was proposed more
than for decades ago by Horndeski [4]. Horndeski theory has not been popular among the GR
community for years until it has become understood that this theory has direct relations with so
called Galileon theories which is a sort of a scalar-tensor theory with specific Galilean symmetry
of a scalar field [5, 6]. The other approach which leads to Horndeski Gravity is a dimensional
reduction in the Lovelock theories [7] and we can conclude that they appear on the stage after
application of the standard technique of String Theory. The one of the most important features
of Horndeski theory is the fact that it gives the equations of motion for scalar as well as the
gravitational field just of the second order and it allows to avoid the existence of ghosts and
instabilities typical for the theories with higher derivatives.

It should be pointed out that in its general form Horndeski theory is quite complicated
and the equations one obtains are not easily tractable. That is the main reason why some
particular cases of general Horndeski Gravity are undergone to deep investigation. One of
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the most interesting cases is the so called theories with nonminimal derivative coupling. The
theory with nonminimal derivative coupling was applied to numerous problems in cosmology,
namely new cosmological solution were obtained [8], inflationary solutions and different aspects
of inflation were considered [9, 10, 11, 12] and some other problems were also analyzed.

Apart of purely cosmological problems the investigation of black holes and other compact
objects is very interesting area of research which has been developing intensively for recent
years. In particular, some new solutions have been obtained in the theory with nonminimal
derivative coupling and different aspects of their features have been examined [13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23].

Our work is devoted to the investigation of a nonlinearly charged black hole in the theory
with nonminimal derivative coupling. The work is organized in the following way. In the second
section we obtain black hole’s metric and investigate some of its properties. In the third section
we consider thermodynamics of the black hole. The forth section contains some conclusions.

2 Equations of motion and black hole solution

The action we start from consists of several terms, namely standard Einstein-Hilbert term plus
cosmological constant, the terms which represent the scalar field minimally and nonminimally
coupled to gravity and nonlinear Maxwell field term. So, it can be written in the form:

S =

∫
dn+1x

√
−g
(
R− 2Λ− 1

2
(αgµν − ηGµν) ∂µϕ∂νϕ+ (−FµνFµν)p

)
(1)

where gµν denotes the metric tensor, g = detgµν is the determinant of the metric, Gµν and R
are the Einstein tensor and Ricci scalar correspondingly, Λ is the cosmological constant and ϕ
is the scalar field, nonminimally coupled to gravity and finally Fµν denotes the Maxwell field
tensor.

The equations of motion that we derive from the action take the form as follows:

Gµν + Λgµν =
1

2
(αT (1)

µν + ηT (2)
µν ) + T (3)

µν (2)

and here we use the following notations

T (1)
µν = ∇µϕ∇νϕ−

1

2
gµν∇λϕ∇λϕ, (3)

T (2)
µν =

1

2
∇µϕ∇νϕR− 2∇λϕ∇νϕRλµ +

1

2
∇λϕ∇λϕGµν − gµν

(
−1

2
∇λ∇κϕ∇λ∇κϕ

+
1

2
(∇2ϕ)2 −Rλκ∇λϕ∇κϕ

)
−∇µ∇λϕ∇ν∇λϕ+∇µ∇νϕ∇2ϕ−Rλµκν∇λϕ∇κϕ (4)

T (3)
µν =

gµν
2

(
−FλκF λκ

)p
+ 2p

(
−FλκF λκ

)p−1
FµρFν

ρ. (5)

And for the scalar and electromagnetic fields we can write:

(αgµν − ηGµν)∇µ∇νϕ = 0. (6)

∇µ
(

(−FλκF λκ)p−1Fµν)
)

= 0. (7)

The metric is supposed to takes the form:

ds2 = −U(r)dt2 +W (r)dr2 + r2dΩ
2(ε)
(n−1), (8)
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where dΩ
2(ε)
n−1 is the line element of a n − 1-dimensional hypersurface of a constant curvature

and it takes the form:

dΩ
2(ε)
(n−1) =


dθ2 + sin2 θdΩ2

(n−2), ε = 1,

dθ2 + θ2dΩ2
(n−2), ε = 0,

dθ2 + sinh2 θdΩ2
(n−2), ε = −1,

(9)

so topological black hole solution is investigated here.
The electromagnetic potential is assumed to take the only scalar component (A = A0(r)dt)

and as a result we obtain:
Frt =

q

r(n−1)/(2p−1)

√
UW, (10)

where q is an integration constant, related to the charge of the black hole.
The situation with the scalar filed ϕ is a bit more subtle and it is difficult to work with the

most general relation for the derivative ∂ϕ
∂r ≡ ϕ′ which can be derived from the equation (6)

that is why we consider here a particular case for the scalar field which can be obtained if we
impose the following condition:

αgrr − ηGrr = 0. (11)

It should be noted that similar requirement was utilized in other works, where nonminimally
coupled theory was investigated (see for example [14, 19]). Taking into account the relations
(10) and (11) we can write:

UW =

(
(α− Λη)r2 + εη(n− 1)(n− 2)− 2p−1η(2p− 1)q2pr2(1−p(n−1)/(2p−1))

)2
(2αr2 + εη(n− 1)(n− 2))2

(12)

U(r) = ε− µ

rn−2
− 2Λ

n(n− 1)
r2 − 2p

(2p− 1)2q2p

(n− 1)(2p− n)
r

2
(

1− p(n−1)
2p−1

)
+

(α+ Λη)2

2αη(n− 1)rn−2

∫
rn+1

r2 + d2
dr

+2p−1 (2p− 1)(α+ Λη)q2p

α(n− 1)rn−2

∫
r
n+1− 2p(n−1)

2p−1

r2 + d2
dr + 22p−3 (2p− 1)2ηq4p

α(n− 1)rn−2

∫
r
n+1− 4p(n−1)

2p−1

r2 + d2
dr (13)

and here d2 = εη(n− 1)(n− 2). It is worth noting that the result of integration in (13) depends
on the dimension of space n, the character of exponents in the last two integrals (whether they
are integer or not) and the parameter ε. If ε = 0 we arrive at the relation:

U(r) = − µ

rn−2
+

(α− Λη)2

2αηn(n− 1)
r2 − 2p−1 (α− Λη)(2p− 1)2q2p

α(n− 1)(2p− n)
r

2
(

1− p(n−1)
2p−1

)

+22p−3 (2p− 1)3ηq4p

α(n− 1)(4p− n− 2pn)
r

2
(

1− 2p(n−1)
2p−1

)
(14)

so here we have completely power law dependence with dominating ∼ r2 term for large distances

and ∼ r2(1− 2p(n−1)
2p−1

)
for the small ones.

For the cases ε = ±1 the general expression for the function U(r) takes the form (for odd
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n):

U(r) = ε− µ

rn−2
− 2Λ

n(n− 1)
r2 +

(α+ Λη)2

2αη(n− 1)

(−1)(n+1)/2 dn

rn−2
arctan

(r
d

)
+

(n−1)/2∑
j=0

(−1)jd2j r
2(1−j)

n− 2j


−2p

(2p− 1)2q2p

(2p− n)(n− 1)
r

2(3p−pn−1)
2p−1 + 2p−1 (2p− 1)2(α+ Λη)q2p

α(n− 1)(2p− n)
r

2
(

1− p(n−1)
2p−1

)
×

2F1

(
1,
p(n− 1)

2p− 1
− n

2
;
p(n− 1)

2p− 1
− n

2
+ 1;−d

2

r2

)
+ 22p−3 (2p− 1)3ηq4p

α(n− 1)(4p− 2pn− n)
r

2
(

1− 2p(n−1)
2p−1

)
×

2F1

(
1,

2p(n− 1)

2p− 1
− n

2
;
2p(n− 1)

2p− 1
− n

2
+ 1;−d

2

r2

)
.(15)

For even n we arrive at the following expression:

U(r) = ε− µ

rn−2
− 2Λ

n(n− 1)
r2 +

(α+ Λη)2

2αη(n− 1)

(−1)n/2
dn

2rn−2
ln

(
r2

d2
+ 1

)
+

n/2−1∑
j=0

(−1)jd2j r
2(1−j)

n− 2j


−2p

(2p− 1)2q2p

(2p− n)(n− 1)
r

2(3p−pn−1)
2p−1 + 2p−1 (2p− 1)2(α+ Λη)q2p

α(n− 1)(2p− n)
r

2
(

1− p(n−1)
2p−1

)
×

2F1

(
1,
p(n− 1)

2p− 1
− n

2
;
p(n− 1)

2p− 1
− n

2
+ 1;−d

2

r2

)
+ 22p−3 (2p− 1)3ηq4p

α(n− 1)(4p− 2pn− n)
r

2
(

1− 2p(n−1)
2p−1

)
×

2F1

(
1,

2p(n− 1)

2p− 1
− n

2
;
2p(n− 1)

2p− 1
− n

2
+ 1;−d

2

r2

)
.(16)

Here µ is an integration constant related to black hole’s mass (so called mass parameter). It
should be noted that if the exponents in the last two integrals in (13) are integer the resulting
expression for the function U(r) can be written in terms of elementary functions, namely it
happens in linear case p = 1 or so called conformal case p = (n + 1)/4. The other important
moment we have to point out here is the fact that it is assumed that d2 > 0, because only this
case leads to the black hole solution. If d2 < 0 the solution of equations of motion also exists,
but it cannot be treated as black hole, because an instability point for the scalar field ϕ appears
outside the supposed horizon.

The obtained relations for the metric function U(r) are not easily tractable but nevertheless
there are some general features common for any n and allowed values of p. In particular it can
be shown that for large distances the leading term would be of AdS-type (∼ r2) similarly as
we had before for the case ε = 0 the same situation takes place for small distances, the leading

term would be of the order∼ r2(1− 2p(n−1)
2p−1

)
, so we arrive at the conclusion that the behaviour of

the metric function (13) for small and large distances does not depend on the type of geometry
we use.

To additionally analyze the behaviour of the metric and find out what kind of singularity ap-
pears at different points (namely at black hole’s horizon) one should use the Kretschmann scalar
RµνκλR

µνκλ. It can be verified that at the horizons we have ordinary coordinate singularity as
it has to be for any black hole. The behavior of the Kretschmann scalar for small r (r → 0) is
of the order ∼ 1/r4, so we have true physical singularity and what should be emphasized here
that this behaviour does not depend on n neither p. At the infinity (r →∞) the Kretschmann
scalar behaves completely in the same manner as it is for Schwarzschild-AdS black hole.
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3 Black hole thermodynamics

To obtain the thermodynamics of the black hole written above we start from the temperature
which can be calculated in completely the same manner as it is for numerous black holes in
different gravitational setup. So one obtains general formula for temperature as follows:

T =
κ

2π
=

1

4π

U ′(r+)√
U(r+)W (r+)

(17)

and here r+ denotes the radius of event horizon of the black hole. Taking into account the
evident form of the functions U(r) and W (r) we obtain:

T =
1

4π

2αr2
+ + εη(n− 1)(n− 2)

(α− Λη)r2
+ + εη(n− 1)(n− 2)− 2p−1(2p− 1)ηq2pr

2
(

1− p(n−1)
2p−1

)
+

(
(α− Λη)2

2(n− 1)αη
r++

ε

(
1− (α+ Λη)2

4α2

)
(n− 2)

r+
+

(α+ Λη)2

2(n− 1)αη

(−1)
(n+1−σ)

2
dn+1−σ

rn−2−σ
+ (r2

+ + d2)
+

(n−1−σ)/2∑
j=2

(−1)jd2jr1−2j
+


−2p(2p− 1)q2p

n− 1
r

1− 2p(n−1)
2p−1

+

[
1− (α+ Λη)

2α

(
2F1

(
1,
p(n− 1)

2p− 1
− n

2
;
p(n− 1)

2p− 1
− n

2
+ 1;− d

2

r2
+

)
−

2(2p− 1)d2

(n+ 2p− 2)r2
+

2F1

(
2,
p(n− 1)

2p− 1
− n

2
+ 1;

p(n− 1)

2p− 1
− n

2
+ 2;− d

2

r2
+

))]
+

22p−3(2p− 1)2ηq4p

α(n− 1)
×

r
1− 4p(n−1)

2p−1

+

[
2F1

(
1,

2p(n− 1)

2p− 1
− n

2
;
2p(n− 1)

2p− 1
− n

2
+ 1;− d

2

r2
+

)
− 2(2p− 1)d2

(2p+ n− 2)r2
+

×

2F1

(
2,
p(n− 1)

2p− 1
− n

2
+ 1;

p(n− 1)

2p− 1
− n

2
+ 2;− d

2

r2
+

)])
(18)

and here σ = 0 when n is odd and σ = 1 for even n. Analyzing the written above relation for the
temperature we can conclude that for large radii of the horizon the temperature goes up almost
linearly due to the presence of corresponding linear term and the fact that all the others terms
are inversely proportional to r+ and they go down to zero when r+ → ∞. But for small radii
of horizon these inversely proportional terms become dominant and the temperature might go
up or down to infinity depending on the sign of corresponding factors near the leading terms.
The temperature might have nonmonotonous beahaviour which tells as about the existence of a
phase transition (supposedly of the Hawking-Page type due to the presence of the cosmological
constant Λ).

To obtain black hole’s entropy and write the first law of black hole thermodynamics we use
the well grounded Wald formalism [24, 25]. The relation of the cornerstone importance in Wald
approach which allows to obtain the first law takes the form:

δH∞ = δH+ (19)

and here δH denotes the variation of the Hamiltonian of the problem we consider and this
variation can be written as follows:

δH = δ

∫
c
J(n) −

∫
c
d
(
iξΘ(n)

)
=

∫
Σn−1

δQ(n−1) − iξΘ(n) (20)

Having calculated the variation of the forms in the right hand side of the the latter equation we
can write:

δQ(n−1) − iξΘ(n) = rn−2
√
UW

(
(n− 1)

W 2

(
1 +

η

4

(ϕ′)2

W

)
δW +

2p(2p− 1)2p−1r

(UW )p
×(

δU

U
+
δW

W

)
(φ′)2p−1φ− 4p(2p− 1)2p−1r

(UW )p
(φ′)2(p−1)φδφ′

)
Ωn−1 (21)
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where δW and δU denote the variations of the metric functions, φ and φ′ are the electric
potential and its derivative with respect to r (electric field) correspondingly and δφ′ is the
variation of the electric field (derivative of the scalar potential) and finally Ωn−1 denotes the
the form over the n− 1 angle variables which is integrated in the relation (20).

Having calculated the variation (21) at the infinity we can write:

δH∞ = δM − ΦeδQe (22)

and here M and Qe denote mass and charge of the black hole respectively and Φe is the potential
at the infinity. It is worth being noted that here we have used the gauge where the potential is
equal to zero at the horizon (this gauge simplifies the calculation of the variation at the horizon).
At the horizon we have:

δH+ =
(n− 1)ωn−1

16π
U ′(r+)rn−2

+ δr+ =
√
U(r+)W (r+)Tδ

(
A
4

)
=

(
1 +

η

4

(ϕ′)2

W

∣∣∣
r+

)
Tδ

(
A
4

)
.

(23)
where A = ωn−1r

n−1
+ is the horizon area of the black hole. One can see that the written

above relation does not allow us to identify entropy with the quarter of the black hole’s horizon
area as it is in standard General Relativity. To obtain reasonable relation for the entropy it
was proposed to introduce an additional scalar “charge” [20] and its variation would appear
in the first law but it would not be a conserved quantity. We introduce this “charge” Q+

ϕ and
corresponding conjugate potential Φ+

ϕ in the following manner:

Q+
ϕ = ωn−1

√
1 +

η

4

(ϕ′)2

W

∣∣∣
r+
, Φ+

ϕ = − AT
2ωn−1

√
1 +

η

4

(ϕ′)2

W

∣∣∣
r+

(24)

It should be noted that the choice of these “charge” and potential is not unique, but the given
above form (24) allowed us to obtain the so called Smarr relation [26] for a chargeless slowly
rotating black hole. In the end the entropy can be represented in the form:

S =

(
1 +

η

4

(ϕ′)2

W

∣∣∣
r+

)
A
4
, (25)

It should be noted that the obtained relation for the entropy is to some extent solution indepen-
dent (the structure of the given relation would be the same for all types of geometry). Finally
one can write the first law in the form:

δM = TδS + Φ+
ϕ δQ

+
ϕ + ΦeδQe. (26)

4 Conclusions

In our work we have obtained topological static black hole’s solution in the theory with nonmin-
imal derivative coupling of the scalar field and gravity and with minimal coupling of nonlinear
electromagnetic field and gravity. The obtained results generalize the previously obtained black
hole solution with linear electromagnetic field [20] on the case of nonlinearity and also on the
case of topological solutions. The relations for metric function U are quite complicated but
detailed analysis demonstrates that its behaviour at infinity is of AdS-type due to the presence
of the term ∼ r2 and it is singular when r → 0 and this point is the only point of physical
singularity.

Having used Wald procedure we have managed to define the basic thermodynamic values
such as entropy and mass of the black hole and after that we have derived the first law of black

6



hole’s thermodynamics. To obtain reasonable relation for the entropy we had to introduce
additional scalar “charge” Q+

ϕ and its conjugate “potential” Φ+
ϕ which appeared in the first law.

But this “charge” is not conserved and supposedly it does not appear in the relation of Smarr
type.
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